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OB  THE  THBCBT  OF  THE  EQUATION  y?!Lj.^*==0 

<Jx’  dy* 

F.  I.  Fronkl* 


(Pirooontod  by  AoodadeUn  I.  M.  VliMgr^lcr). 


Tharo  la  ^^Tan  tha  solution  of  two  boundary  valua  problama  for  tha 
aquation  y  *  +  *„o  in  tha  dooain  of  tha  uppar  half -plana,  adjoining 
a  aagaant  or  tha  ixla  of  abaelaaaa.  Tha  aolutlon  la  ojtainad  by  aathod  of 
a  doubla  layar;  hera  thara  ara  ranorad  aararal  Ujiltationr  which  in 
othar  worka  wara  put  on  tha  fona  of  tha  boundary  of  tha  doa^ln. 


Introduction 

In  tha  giran  work  thara  ara  aolrad  two  -boundary  ralua  problau  for  tha  aquation 

d**  ,«)**  A 

which  wa  ahall  call  tha  aquation  of  Darboux  and  Triooai,  according  to  tha  nanaa  of 
tha  authors  Invaatigatlnf  it. 

Solutiona  ara  aou^t  in  tha  raglon  lying  conplataly  in  tha  half-planas  y>0. 
whara  aquation  (l)  has  an  alUptic  typa.  It  ia  aasuMd  that  tha  boundary  of  tha 
domain  passaa  partlaUy  along  tha  x  axis.  Aa  for  tha  part  of  tha  boundary,  lying 
inaida  half-plana  y>0,  it  la  aaauaad  onlj  that  it  la  sufflciantly  nooth  and  approa- 
chaa  tha  x  axis  at  a  right  angla. 

Thara  will  ba  oonsidarad  tha  following  boundary  ralua  problaisa: 

1.  Diriohlat'a  problaa; 


2,  Th«  problva  in  which  boundAry  values  of  the  unknown  functions  ars  given  on 
the  part  of  the  boundary,  lying  within  the  half -plane  y>0|  and  on  the  part  of 
the  boundary  passing  along  the  x  axle  there  are  given  noiml  derivatives. 

These  problene  were  coneidered  already  by  F,  Triooai  in  work  [1],  end  aleo  In 
papers  [2]  and  [;].  However,  the  solution  is  given  there  by  fairly  eonplicated 
Mthods  either  with  the  use  of  the  Utematlng  aethod  of  Schwan,  or  passage  to  the 
liait,  proceeding  free  the  doaains,  lying  together  with  their  boundaries  conpletely 
within  the  half-plane  y>  3,  In  bjth  eases  Trlooai  uses  twoniiaenslonal  integral 
equations  of  the  Predhola  type. 

The  second  of  the  considered  probleas  was  reduced  by  S,  Cellerstedt  [7}  to 
one-dlaeneional  integral  equations  of  the  Fredhola  type  of  a  second  kind  by  the 
aethod  of  a  double  layer  and  thus  io  solved.  Here,  however,  Gellerstedt  did  aake 
Halting  aecraqitione  about  the  fom  of  the  eootour:  it  was  taken  that  ends  of  arc 
L(Flg,  1)  coincide  with  the  ares  of  a  certain  algebraic  curve,  called  by  Trieoai 
"a  noraal  curve". 

In  the  given  work  by  aeans  of  eorreeponding  estiaaiss  we  reaove  this  restric¬ 
tion  for  both  probleas  in  question. 

In  the  Appendix  we  give  particular  solutions  of  the  equation  (1),  refuting 
certain  erreaeous  assertions  by  Triccai,  published  in  his  article  [2], 

AMI 

1.  _FqBdaaental  solution  of  the  equation  ^ ^ 

As  any  two-dlaeneional  linear  equation  of  elliptic  type,  the  equation  of  Dar- 
boux-Trlcoai  can  be  reduced  to  such  a  fom  that  we  shall  encounter  second  deriva¬ 
tives  in  it  only  in  the  form  of  the  Laplace  operator,  and  naasly,  during  substitu¬ 
tion  of 


equation 


J**  ,  d*j  • 


(2) 


t«k«t  tba  form 


aT*'  +  a7* 

As  Is  knowfif  s<)ustlonBf  containing  ths  Laplacs  opsrstor  as  a  fundanantal  party 
possess  so-oalled  fundamental  solutions,  i.e,,  solutions  of  tha  form 

Z[x.  y;  z’,  y')=^L{x,  y;  x’,  y') (y'-y)*H  (4) 

+  A/ (i,  y;  i',  y'), 


Where  L  and  M  arm  functions,  regular  in  the  neighborhood  of  point  x  ■  x’,  y  *  y*. 

Wo  shall  show  that  equation  (3)  possesses  fundamental  solutions  2  and  Z  .  rex- 

1  2*  ® 

ular  throughout  half -plane  y^O,  with  the  exception  of  point  x  -  x',  y  -  y',  rnwh 
that  for  erery  x 


Z.(r.O;  x',y')  =  0. 
y\  X  ,  y')!y_oi=0. 

^  (6) 

To  construct  the  fiindasMntal  solutions  and  2^  we  shall  first  detemine  the 
Rienann  function  of  equation  (2),  When  using  characteristic  coordinates  this  equa¬ 
tion  takes  the  following  fora: 


where 


I  * 


‘1  ~  l  * 

I  -  I  -  -J  (  -  y)-  ,  - 1  -f  yV.'  . 


(7) 

(8) 


The  Rieaann  function  in  these  coordinates  takes  the  form: 


(9) 


where 


(9a) 


Hypergeoaetric  function  F{l/6,  1/6;  1;  #)  satisfies  the  differential  equation 


0. 


(10) 


Hflwtwr  tiM  h7p«rg«oMtrlo  •quation 


(U) 


potMiMt,  alonf  with  hyparfaoMtrio  funetloo 

b;  1;  s), 

•till  ••oond  indapandant  iolutlor, 

?(•,  b;  1;  I) b;  i;  i)  ln*+  ' +2 1)  /^(a,  6; «; ,)  ,  (^2) 

in  Moordanoa  with  which  wa  obtain  a  oocond  aolution  for  aquation  (7),  analogous  to 
a  Riaaann  function  t 

-n/i  i  ,  n  .  . 

U— ^  V  6‘ ’  O  '  (13) 

Ut  ui  ocnaldw  noo  solution,  u  MdTT  In  «  sUlptl.  'alf-pUns.  if  on.  .or.  to 
introduce  doaignationa 


f,-(. -x)>+(»'+,)>,  / 


than  paranatar  #  turns  out  to  ba  aqual  to 


■rT* 


Than  inataad  of  u  wa  ahall  obtain  tha  function 

and  llkawiaa,  inataad  of  IT,  tha  function 

-C^7{^Cf)>";T+<^C0}. 


(U) 


(15) 


(16) 


(17) 


whara  G(a)  ia  a  function^  which  la  ragular  whar  0  ^  a  ^  1,  [4] 


tl  i  ■oltttloo  of  lOUfttlOP  (2). 


Wt  shall  now  show  that  constant  e  can  be  selactsd  In  such  a  Banner  that 
q(x,  0;  x',  y’)  or,  aceordin^lj,  aero. 

Indeed,  on  ^he  basis  of  equation  (16) 


(19) 


and  on  the  basis  of  (17) 


?  (*.  0;  y')  « 


(20) 


We  shall  show  that  G(l)  has  a  finite  ralue  and  we  shall  calculate  it. 


Let 

then,  when  s  *  0, 


F  -  F  (a,  b;  c;  s). 


^  ^  ^ 


(21) 


On  the  other  hand, 

^  (a  +  6-c)  =  0. 


Applying  now  operator 


4-2^. 


to  the  expression 


‘F{a,  b]  c;  z)  = 

r(c)r(o-l-6-e) 

r(«)r(i-) 


r  (c)  P(c  o  —  fr)  r»/_i  **i  iss  «• 

TIT^^j'rlc'rVf  P(a,  b.a  +  b^e  +  i;  1  — z)  + 
F  (c  — j,  c  — 6;  c  — fl  — 6  +  1;  1 —  z)  (1  —  z)«-*-‘ 


we  obtain,  when  a  "  b  «  1/6,  c  «  1,  s  ■*  1 


(22) 

(23) 


(24) 


where 


T -  -  r  (1)  =  4  + .. .  +  i- In  n)  =  0,577  . . . 


Bolvr't  eoii«t«nt 


Thttf,  funcUMnUl  tolution 


e  m.7  cri) 

.  ^  7''i  I }'  7  ■■  7  +  2 


/t+^1 


(26) 


4Gtttftll7  ttuvt  Into  goro  Mhtn  7  ■■  0. 
Lot  ut  note  furthor  that 

1  3 

1-fl 

'J  n 


(1- 


Than 


>  4 

'Sy'NT/t 


I.-*-,- 


(27) 


(28) 

-G) ' 

v'  , 

(29) 

'■(-r)L-(r)] 

(29a) 

CcQooquontly,  fundanental  aolution 

(30) 

7 

has  doriyatlre  ,  equal  to  loro  at  the  x  axia. 

ff  Value  Probl—a  to  the  Caee  of  Zero  Boundary  Data  on 

the  Axle  of  Abecieeae. 

Let  aa  ocnaider  in  plane  (x,  y)  the  rofioo  i),  located  in  the  half-plane  y  iO 
and  United: 

1)  by  the  ee^wat  of  the  x  axia*  0  x 


7i"J  +  2 


'  rm 


2)  arc  Lj  located  in  half -plane  f>0,  with  United  currature  and  without  angles 
at  the  enda,  approaching  the  x  axis  perpendicularlj  (Fig.  1). 

In  this  region  we  imreatlgate  two  boundary  ralue  problems ; 

A.  Oi  arc  L 


where  a  ie  the  length  of  the  arc,  aeaa\ired  from  one  of  the  ends  in  planes  (x,  7), 


The  aegnent  of  the  x  axis 


Boundarj  Talues  f(a)  and  are  aasuned  to  be  contlnuoue  and  posoeas  bounded 
first  derlTablTea;  there  is  assumed  a  finite  number  of  points  of  discontinuity, 
but  under  the  condition  that  the  solution  for  s  near  these  points  should  remain 
limited.  The  function  f(s)  should  have  also  second  darivatives,  limited  by  or 
seeking  00  at  the  ends  of  arc  thus 
B.  on  are  L 


Cn  the  segment  of  the  x  axle 


Fijnetion  f(e)  satisfies  the  conditioiis  of  problem  A;  function  ''W  is  assumed 
continous,  differentiable  and  satisfying  the  relation 


In  the  neighborhood  of  a  point  in  the  segment  of  the  x  axis  (0  x  1}  the  so¬ 
lution  should  remain  limited. 

To  execute  the  uniqueness  theorem  it  is  necessary  in  this  problem  to  add  one 
more  requirement : 


Let  us  consider  the  Integral 


y^9T9  c,  la  «  part  of  tha  eiroTafaranca  of  ^  or,  according,  (l-x)^  + 

7  ■  •  ,  l7in«  In  doaaln  D,  dn  la  tha  dlffarantlal  of  tha  noraal  Una  to  thla  clr- 
ouBfaranoa,  and  tha  lanfth  of  arc  a  la  Baaaurad  In  plana  (x,  y).  Than  wa  ahould 
haaa 


*  I 


(7) 


Wa  ahall  noa  prora  that  la  la  poaalbla  to  U*lt  ouraalraa  to  tha  caaa,  whara 
^  (*)=0  nnd,  aecordlnfly,  t>  (x)^0, 

Lat  ua  turn  to  conaldaratlon  of  tha  problaaa. 

1.  Ai  ■hnll  aalact  two  nuabara  a  and  b,  such  that  doMln  D  eo»- 

plataly  Uaa  In  tha  sona 

(8) 

Wa  ahall  arbitrarily  axtand  function  t(i)  to  tha  whola  aagnant  but 

In  auoh  a  aannar  that  function  ^  (x)  raaaina  plaoawiaa  contlnaoua  with  bounded 

darlaatlTaa. 

Wa  ahall  now  axpand  t  {x)  Into  a  Pourlar  aarlaa  i 

m 

*  -  a ' 


than  wa  can  obtain  a  aolutlon  of  aquation  (2)  Section  1,  datamlnad  in  tha  whole 
half -plana  y>0  and  taking  on  tha  aagnent  of  tha  x  axis  valuaa  of  naaaly 


A  (0)2 


Q  U 


(10) 


whara  X(c)  la  tha  aolutlon  of  equation 

*•*  (<)  +  5  X  (c)  ■»  0, 

glran  by  TMooai  [1]  and  datamlnad  by  tha  intagral 


ill) 

(12) 


Than  tha  aolutlon  of  tha  Initially  poaad  problM  can  be  praaantad  In  the  fom 


r 


(13) 

»h.r.  •"(i,  y)  hu  th.  »(iHnt  of  th.  x  ui.  [o,  1]  booodary  nluea  .t  oU 

point,  of  cootlnolty  of  function  For  pol,t.  of  dl.contlnuity  of  function 

-W  It  1.  po»lbl.  to  proT.  ttat  In  their  neighborhood  ..(n,  y)  re«ln.  bounded, 
thu.  function  .-(x,  y)  .dU  po..e..  the  .«e  property.  ,h«»e.  In  turn.  It  «y 
be  concluded,  thnt  the  bounded  nlue.  of  the  function,  ."(x.  y)  .t  point,  of  dl.- 
contlnulty  .1.0  «.  «p»l  to  ..ro.  Ihl.  foUow  fron  th.  f.ct  th.t  th.  unlqum... 
theoion  for  Mrichlet'.  problen  cu  be  proren  on  the  ura^itlon  of  nich  dlocontln- 

ultl...  The  proof  1.  e(«pl.t.ly  mnlogou.  to  the  proof  of  theory  #1  of  th.  work 
of  Trieoal  [1 3. 

Time,  we  .hill  prow.  th.t  function  f(x,  y)  In  the  neighborhood  of  intorrU 
(0.  1)  of  th.  X  ul.  rmnln.  bound*!.  Where  ^  (.)  1.  ,  contlnou.  function,  thi. 
follow,  fren  th.  unlfom  ccoT.rg«>c.  of  eerie.  (9)  (4).  if  *.  „„  to  coneld.r  thet 
l{!)  1.  .  poeltlT.  d.cr...lng  function  [7]  ud  .pply  the  Hudy  oluu«t.n.tio  of 
unlfom  ccnwergence  (6).  In  the  preaence  of  point,  of  dlocaitlnulty  it  la  miffidwt 
to  conaldor  th.  »»  where  .  W  -  -1  whm  -1  <x<o,  .  1  wh<m  0<x<  1  etc. . 

«Kl  to  ln»..tlg.t.  the  benewlor  of  function  .'(x.  y)  clo«i  to  th.  origin  of  ooordi- 
nates.  In  this  ease  leriee  (9)  take,  the  fora; 

Let  US  consider  the  sub 


iinnz  I  gin3nx  ^  hinSnr  ^  sin  (2r»  +  1)  itz 

1^-3  ^ 

5  (cos-i-f  cos37ii-f  .  .  .4tcos(2n  +  l)rx)c/i=  C  ^nM^-f-D^x 

o  .)  hinitx 

^  0 

r  ye  a(n  +  t)rx 

“  J  """('■  +  <)'' Cwx-s)*+TS  ^/y- 


Both  IntofTolo  in  tho  rl4ht  part  of  «{untloQ  (U)  obrlouoly  nro  boundod  Indopwjdontlj 
of  n« 

Pro*  thla  and  f rc«  th«  deerMso  of  function  X  (?)  It  follow,  according  to  the 
Abel  ine<iuallt7  [6]  that  the  aum 


!ii;-x(.ry)+^,(’, 


rT3 


“0 


•f  • 


(15) 


aloe  la  bounded,  whence  follow  the  proren  one. 

If,  finally,  w  continue  function  t(z)  outalde  of  aegiaant  (0,1)  eo  that  -.{x) 
at  polnta  x  -  0  and  x  -  1  renal  no  contlnuoua,  then  deriratlrea  of  the  boundary  values 
of  tCx,  y)  on  arc  L  wlU  be  bounded  {[1]  Ch.  II,  Sect.  6). 

Thua,  It  la  proven  that  in  the  oaae  of  proble*  A  it  la  poaalble  to  lljolt  one- 
aelf  to  the  oaae  t(x)  — 0. 

2.  Pr?ble*  B|  For  inveatlgation  of  this  proble*  let  ua  conalder  the  following 
aolutlco  of  equation  (2)  Sect.  1,  uaed  already  by  Triconl  ([1],  Ch.  V,  Sect,  2); 

«v(i,  y;  J-r 


Dlatrlbuting  the  alngularltlea  of  theoe  aolutlona  along  a  aegMsnt  of  the  axis 

of  abaclaaa,  0<x<  i,  w  shall  obtain  a  solution  of  the  following  for«j 

1 

a(?)rf?.  (l?) 

The  boundary  value  of  0  when  y  -  0  is 

r  '  ' 

^  (x,0)-  ^  {l*-?r5'-(x  +  ?-2?x)’*‘)d? 

0 

Boundary  value  of  wheny-*0  is 


(18) 


T 


(19) 


I 

(*.  0)  *=  ^  ff  (l)  y*  J  I  A  y*  j  ■'_ 

>  , 

-4  y’  S  i°(<)-»wi  {[(:^-5)*+4y’]'*- 

If  at  point  <==x  satlsfloB  tha  llpachlta  condition, 

!» (E)-9  (x)l  <>1  (i)  ;--j|  whaa  <5-*!<*Cx), 


than 


»-•(») 


T 

5  [oO)-«(.T)i[(x-{)*+vy* 


-•(*) 


rf; 


<A{r)y  (4)'  •  v'  S  - 5 — T 


>/i 


Conaaquently,  tha  aacond  eo^Kmant  of  the  right  aide  aquation  (19)  aaaka 

Y  —  0. 

Iha  liait  of  tha  firat  cootponent  will  ba 

For  ita  dataraijiation  wa  ahall  introduce  a  new  integration  variable 


s  *? 

jy 


Than 


o,(.,o)=  -j (i)^(x)  5 -(iy.(x) 

-Oft  0 


Introducing  the  new  variable 


1  +  1'  ' 


wa  ahall  obtain 


/n 

*  , ,  *  3  > 

**'•(1 jr| 

r^' 

) 

(20) 

(21) 

taro  whan 

(22) 

(23) 

(24) 

(25) 


// 


Thus, 


wh«rtt 


«r(x,0)--pa(i), 

<i) 


Coiia«qu«itlj,  iolution  of  •quaticn  (2)  s«ct  1 

'  (27) 

flToe  for  th«  ••gamt  y  -  0,  0  <  i  <  j 

W>  thtU  aw  (l..lc»tt  br  th.  bowduT  Tal«.i  «f  Wioa  <,{x. ,)  « 

arot,  ••••kall,rw,tl»ta.«.th.«d.«f.rcL  faacUw  fi(,)  ^  u,  d.rivatiy. 
f ’iCt)  rwalB  bogadtd  (tht  laaftji  of  arc  i.  aaaaarad  h.ro  In  tho  plan,  (x,  j)). 

In  fMt, 


wh«r« 


whaoeo 


-  O-tf-  (J-C)‘  <'■(1  — Oxfl 


Siao*  for  onda  of  arc  L 


*’~0{i)y\  I 


(1)  P  + 0  (1)  y  -  C>  (1)  p. 


(30) 


Dlff«r«ntlatlnc  foraula  (29)  alon^  eurre  L,  we  obUln 


Coniequentlj, 


^  -0(1)  J  E*  (1-E)^  p'J  rfE-O(l)  J  p-‘tf<-:(?(l)Olny|+l), 
gi'  -  0  (1)  5  {1-  (1  ~  i)\ 


(31) 

(31a) 

(31b) 


ThU8« 


(32a) 

rfy>  ^.fl)y  »  lny. 

(32b) 

We  calculate^  final  Ij,  ralues  for  'i'Cx,  y)  and  its  first  derlTatiTes  near  points 
(0,  0)  and  (0,  1). 

Near  point  (0,  O) 


)Jt!  p-:rf=_ 

1  1 

:0(l)x‘(l-t)  [i'>  ^  p-;rfE+  =0(1)i(1-x)/?-'=C>(1). 


(33) 


where 


ax»d 


d.T 


(33a) 

Oh) 


In  exactly  the  sane  way 


d>  0  0) 


Analogoua  o«Io«IatioQa  t4k«  pUc*  mat  point  (0,  1). 

tho  buia  of  forHuUa  (33)  and  (34)  obtnin 

J  *rf;.  !/>  ds^0{l)ni, 

t 


(35) 


ao  that  aaqpiroMnt  (7)  ia  aatiafied. 

Thua,  oolutioo  of  j  aatiaflaa  all  cooditlona  of  problw  B,  Conaoquontlj,  and 
•-*;*  aatiaflaa  tha  aaM  coodltiooa,  if  a  aatiaflaa  then. 

Thua,  thara  la  prorao  tha  poaalbilltj  of  liniution  of  tha  caaa  "  (^ )  0, 

3.  Raduotiop  of  Boundary  Yalua  Problapa  to  yfodholn  Eouatlona 

of  a  Sacood  J2SS* 


0^  tha  baaia  of  tha  raaulta  of  tha  praoadijtc  paragraph  wa  aarane  in  tha  futura 
that  la  problana  A  and  B  fanetlona  and  v(z)  aoooz*dliial7  an  aqual  a  aaro* 

B7  analogy  alth  solution  of  a  Dlrlehlat  problan  for  a  Laplaea  aquation  «a  shall 
form  on  tha  basis  of  fundaaantal  solutions  and  dipolas,  i.a.,  wa  shall  taka 
dariamtlTaa  for  tha  nomal  to  ourra  L  of  thaaa  fmetlona  ^^7,^  ^  changing  here 

tha  eoordlMta  by  tha  singular  point.  (Tha  norml  ia  pasaad  in  plana  (x,  y)). 

Ina*ich  aa  Judgnenta  in  oasas  A  and  B  do  not  if!  tha  laast  diffar,  hancaforth 
inataad  of  q^  and  q2  wa  shall  writs  q. 

Tha  potantial  of  tha  douhla  layari  i.a.,  tha  layar  of  dipolaa  with  nonant  “W* 
will  ba 

'-T  Jko/W. 


(2) 


If  diffarantlal  dn’  has  tha  diraotlon  of  tha  intamal  nonud,  than  tha  boundary 

▼alua  of  a  on  tha  Inaids  of  are  L  will  ba 

s 

Conaaquantly,  fnetion  (0  la  datamlnad  fron  tha  intagral  aquation 
*l‘W  +  T 


/y 


(3) 


wkioh  It  an  Inttfral  oquatlon  of  fradhola  tjp*  of  a  ttcond  tjpe. 

In  Saet*  U  w»  thall  show  that  nucleus  satisflea  the  ettlnats 

dn' 

&  =  0(*)ln(p). 

Contequentljr,  to  this  nucleut  the  theory  of  Pradhola  it  applicable.  It  ttlU 
retMdat  to  prore  that  the  nuaber  is  not  the  charact eristic  nuabar  of  Integral 
equation  (3). 

'Ms  proposition  is  equivalently  one  that  unifom  integral  equation 


hat  no  nontrivial  solution. 

We  thall  prove  by  rsiluctlo  ad  abtv^un.  Let  be  tuch  a  nontrivial  solu¬ 

tion,  At  thall  be  shown  in  Sect,  k,  such  a  solution  woiild  satisfy  the  sstiaatet 

M.)-o(i), 

y  y'.l 

whence  it  should  be  that  the  corret ponding  solution  of  the  unifor*  boundary  value 
problM 

A:  z=0  lS=0  on  segaent  y^O, 0<x<i  ) 


Bx  1=0 


tatlsfles  the  valuations 


L.  ^-0 

i/j/ 


y  *=  0  <  I  <  1  j 


z=ov>'^. 


where  R  is  the  dlstanoe  of  the  given  point  froa  ont  of  the  ends  of  arc  L, 
But  in  this  cate  we  would  have 


15  )  ^i{y'‘*ds  =  o, 


and  in  this  cireoutance  the  uniqusnstt  of  the  solutions  of  probleot  A  B  it 
proven  ([1],  Ch,  II,  Sect.  7).  Consequently,  we  would  have 


(10) 


ABd  th«i  on  eunr*  L 


iin 


sO. 


(11) 


Let  ui  eonaider  now  potential  i,  fomed  according  to  foxvula  (1),  out  aide 
eurre  L,  By  force  of  the  oontlnuity  of  nomal  derlvatirea  thia  potential  would 
aatiafy  the  boundaiy  ccoditiona 


^  '  on  0 


on  > 


V  e=  0: 


—  O 

C  '  ^ 

when  R-*oo; 

t  1 

Ojc 

1  ^  —  V 
0*J 

(12) 


on  1. 


dl 


on  y«=0; 


when /?->». 


FurthenorCf  near  the  enda  of  arc  L  oonditiona  (8)  and^  conaequently^  (9) 
would  be  aatiafied. 

ftit  under  theae  oonditiona  partial  integration  giYea 

-  5  S  -  5  (l-O’+dv)’] 

where  the  double  integrala  extend  along  an  Infinite  doMin  outside  an:  Z.(y>0).  it 
followa  froa  thia  that  outaide  are  L  we  hare  ^  ~  0. 

Diacontiauitr  of  function  ¥  along  arc  L  is  equal,  howerer,  to  2r;r(s).  Thus 

(u) 

q*  e»  da 

"^wa,  the  inhoaogeneoua  integral  equation  (3)  hae  a  unique  aolutlan# 

^  *111  ^  proYwi  in  Sect  4,  it  aatiafiea  eatijBtes  (6),  and  the  coireapooding 
potential  (1)  aatiafiea  eatiaatea  (8),  so  that  there  ia  aatiafied  alao  condition  (9), 
if  only  f(a)  aatiafiea  eatiaatea  (6). 

flma  it  ia  proren  that  boundarj  Yalue  problaaa  A  and  B  are  really  eolYed  with 
the  help  of  integral  equation  (3). 

There  raaaina  atill  to  proYc  the  eatiaatea  uaed. 


4*  Proof  of  UtiJmXo* 


For  proof  of  th«  ootlmtoa  aantionod  in  Soct.  3  thero  are  repaired,  first  of 
all,  certain  eatiaatea  of  the  fuiutaaeatal  solution  (f  ajod  Its  derlTatlrea  for  n', 
s',  n  and  a  uhare  both  points,  detendning  these  fundjusmtal  fuaetlons  lie  on  con¬ 
tour  L. 

Let  us  rsMsdMr  that  fundamental  solution  q  can  be  written  in  the  form 


where 


C  =  DF(a.b-,c;  Z)  =  ^  +  2  . 


(1) 


First  of  all  we  estimate  the  function 

*  .  d'l  5*7  5*7 

f  '  dn'  ’  ’  dn'  ds  '  5j*  ’  Oi*  ' 


for  which,  in  turn,  it  is  required  to  estimate  the  following  inagnitudes: 

F(o),  C(o):  F',G'\  F'.C’;  F'“,G’"\ 


5«  5«  5*«  5*« 

On'  ’  5»  ’  5n'5»  ’  dn’  di*  ' 


dn'di  )  ’ 


5  In  c  '  5  III  e  5’  III  •  5*  In  c  J 

On'  *  5j  *  ifn’ (fs  '  c/a'  On  Os* 


To  estimate  functions  P,  G  and  their  derlTatlTss  let  us  note  that 

f'{o)  =  yl/=’.  +  (l-c)'-«-'/7/='..  (2) 

idiere  F  =  F(a,  6;  c;  c),  hjpergeonetric  functions  F2  F^  hare  as  their  argument  1 — 
and  coefficients  A  and  B  depend  on  a,  b  and  c.  According!/  we  obtain 

C  (c)  =  Z)  (/IF,)  ^  (I  -  c)— »/)  (Z?F,). 


Then  for  the  Talues  a  ■  b  •  I/6,  c  «  1 


But  laaoBioh  as 


F{o)^AF^  +  {\-oyBP^, 

C  (o)  =  jD  {AF,)  +  (1  - o)"FD{BF,), 
F'  (c)  =  CF,  +  (i~cpEF,. 

C'(o)  =  Z)(Cy^J  +  (l^a)'^Z)(£F.. 
P{o)=o/F,  +  (l-o)'"/^F„ 

C'  (a)  =  D  {IF,)  4-  (t  -  0)  ■  ^  D  {KF,), 
r"(j)  =  Z./?,  +  (l-c)  ~MF,), 
C"'{o)^DfLF,)  +  {i-<,)' 3  D{MF,). 


than  trm  aquations  (3)  follow  ths  estlmtes 

F{h)^0{iir^G{c), 

X 

'''W=o[7?r77r]-c'(«). 

'"M-o[7r:>7r]-c-w, 

How  dsriTatiTSS  of  a  ara  sstimatod,  ws  shall  show  by  the  exaiq>la 

0(fj)  0(fi> 

B-- -k  ('-)= ]  - 

-<?)=«(?)  ■ 

Sstlnating  slailarlj  the  remaining  derl*atlYeB  of  „  w®  obtain 

5;:-o(|).  ^■-oCkd-  1 


Further 


Estiaating  aiailarly  the  remaining  dsrlYatiYss  of  (j~y ,  we  obtain 


(7) 


For  dariTatiTe  of  „ 

din 


wa  obtain 

a*  In 


^  ’’  dn'd* 

din*  3  3  I 

~dr  ”rr?~r;rp+^(l)« 

d*  In  o  3  3 

di*  “  “(7^V;»  ■^(7+7^ 


(8) 


r 

J 


Harln*  aatioataa  (5),  (6),  (7),  (8)  it  la  poaalble,  finally,  to  obtain  eati- 
ataa  for  ^  and  ita  derlTatlTea,  naaaly: 

1.  J-0(»(O|[l>o,^|+i]. 

p _ 

‘■,-^-TC77[hiM+']+ 


d»* 


C0"[i'",^l+>]+ 


s 


(r  '■'  w + ( v)"'"  <=)  Q'Y'^'  ‘’>  -}  ■ 

■  (tT— ,7-)- 


-  - !  (D <')  j’^-+ 5^-  (  v)  ‘  ('> }  f  ] 


(9) 


In  the  futura  thara  will  be  raqulrad  othar  aatljaataa  of  tha  flrat  darlTatlTaa 
for  a*  of  tha  coaffiaianta  in  (-'77  '  •-««lln«  In  fonmlaa  (9)  and  alao  of 

flrat  and  aaoood  dariTatlyae  for  a*  of  coaffiaianta  in  F ~ _ '  1  in  the 

foraulaa*  All  thaaa  aatiaataa  wa  taka  under  the  condition  that 


/f 


(10) 


ualnf  th«  Abore-oontloned  n»thodt,  wt  obt4djn 


ap  0(1) 

aq 

0(1) 

an 

rfj' 

y  ' 

at’ 

y  ’ 

a*’ 

a's 

^O(l) 

ST 

0(1) 

aU 

W*  v*  * 

at' 

coefficients 

P,  Q, 

R,  S, 

,  T,  U  we 

yh  J 

-0(1) 

Cf 

5-c>(l) 

(■t)" 

„  0(1) 
“  Pi 

Uslflf  eoDditian  (10)  w«  can  reduce  aciuatlont  (12)  to  the  form 

P-O(l),  <?  =  0(1),  5-0(1),  T^^,'U^0{\).  (] 

Now  GO  the  basle  of  eetlmtea  (9),  (11),  (12)  and  (12a)  we  shall  derive  a 
aarlee  of  eetlaatea  for  Integrale  of  the  fona 


5  5  *'• 


Firet  of  all  we  shall  prove  the  following  theorems: 
TtffiORW  I  Ut  Cs)  he  an  Integrated,  bowaded  funct 

6  , 


f**  ==  S  Z  !"*  (*')  * 


fTQOZ,  '  >t 


Then,  by  (9.2)  and  (9.4) 


+  0(1)  5  \  ),T'^*  +  0(1)  5  + 

'  **  *  i  « 


(15) 


+ 0  (1)  1 1"  I  1 1  *•  <  0  (>)  j  -'U  •  5  rh + 

*  ■)  It  'I 

= 

+  0  (I)  0  (1)  (si  -  St)  +  ^  ® 


which  Ml  required. 

THEORBI  II.  L«t  !■■(*)  MtltfT  HKd.r't  celtiUtlOP. _ Tt«?l  fWWU°n 

!■.(«)=■  Js-fs''')*' 

li  different leble,  where  in  the  derintire  latlsflei  the  eitinite 


We  ih&U  prore  flrit  that  the  derlTitlve  exiiti  and  li  equal  to 

(The  integral  in  formula  (18)  li  underitood  ae  the  principal  value  in  the 
Cauchy). 

For  thia  purpoie  let  ui  consider  the  integral 

•  ->»  G 

i‘,(s.a)=(5  +  n.vfjs-)*-, 

0  t+h 

whose  derivative  is  equal  to 

(  5  ^  +  s-^O- 

0  *  f  ft 

—  I*,  (*  +  /l)  ?n-  (*. 


(16) 


(17) 


(18) 

lener  of 


(17a) 


(18a) 


haa  tha  fora 


Panotion 


/  (g) 


~1). 


Thortforo 

Hi('  +  5)7«-.^(»,  »-+8)  -f  Uj(j  — j  —  ?)  ■ 

“=»*,(»  + 2)  I?,'.  ,(».  *  +  2)-f-7„-,  (f,  f-o))-;- 

+  7n-.(*.  l-t)  [u,  (j-J)_  u,(l4.  ?]]  =, 

^OCOClnJ]  +  l)  +  C»(l)-:->:., 


(19) 


(ao) 


Mh«no«  wh«o /i->0  thor*  roaulta  conTorfoac*  of  InUgral  (laa)  to  iiit«(ral  (18)  and 
boaido*  it  la  unifora  in  tho  naijihbcrhood  of  point  a  -  i, 

Wa  nr  3  furthar  that 

7n'(*,  »±  A)-*(01nA  +  C?(l)/i(|lnA|4.1]. 

uhaaoa 


1*1  ('  —  i  n-  (».  *  —  h)  —  fij  (j  4.  Aj  y,,  (*,  #  -f  A)  - 
h)  (7„-  (j,  t~h)  —  q^.  (f ,  f  +  A))  4-  7,,  [>1,  (f  -  A)  -  n,  (»  4-  A))  - 
■=0(l)AIllnA|4-lJ4-0(l)inA  .  A*. 


(22) 


Conaaquantij,  tha  aw  of  tha  aacoi.d  and  third  taraa  in  aacpraaalon  (18)  aeeka 
taro  whan  /«->0  and  baaidaa  it  ia  aran  uaifom  in  nalghbortiood  of  point  a  -  a. 

Thua,  foraula  (18)  la  proran. 

Wa  shall  now  prora  aatiaate  (17)*  According  to  squationa  (9*4) «  (11)  and  (12) 


(23) 


wr’[ii«i(+i] +0(1)  ^41+ 

—  1* 


0  3i 
■* 


+  <?i('.»*)  5  t».  (»')</!'  !Jf+0(l)[(lnyl4-l]4-(?(l)(Ilny|+l]4- 

a  y 

+0(1),.+  ^., , 


TOgfiam  TTT,  If  4  oootixmom,  bound»d  functloB^  poe— — i 

•rtlmt#  (17).  thu  tht  dTlT«tiT«  of  functloo 


utitfiet  Holdtr't  eoadltlon: 


*•'>*’  (y.  <yi.  0<f<i). 

For  proof  w«  thall  Apply  pArtlAl  IntogrAtion. 


L«t 


On  Ot  j'  i  +  t'  J  ' 


Then  ^  ^  -j"  \  ' -:s  (*') 

+  Q  (».  *)  \  -f  \  -p- (*')  *'  +  5  ^  {s.  S-) (,')  c/i' 


0  0  a 

h 

-('(*»  *)  l.'^>{^')  li>(i-s)  -h  (n)  ln(x*-fl)!  -f  (» (s,  f)  :‘;(i')  In  s' 

u 

.  b  b 

+  ds'  +  ^V[s.s-}^Ands'  i^<s<b). 


Henoeforth  we  ehAll  Aieume  that 


a  =  V  »  ^  =  T  ’  ''  =  ^1  “  <  */;  ■ 

*1  ^  ^  3" 

Let  US  note  that  when  T  *  '  T 


I  J  » -r  -  0  0  4- 

+  (i“0  (s:^4-(^'-^)  01‘/^  =  v^ 

y* 


Q(*.  J*)-  <?(^.  *)  !'•  _  f  Q(*. »')  -  0/».  0 

»'  -  *  t*, 


=  V  ..-5.1 

}  I'-'  y;  * 


Vi 


t-,t  ■  «  ' 


a  derlTAtlTet 

(2U) 

(25) 

(26) 


(27) 

(28) 

(29) 

(29a) 

(29b) 


and  when 


['•  ?  A  J  OM) 

i  V .  (^T i'}  '-• 

•i  »*  *’ 


f/s 


+ 


+°^i- 

O  (1)  ‘ 

•i 

Furth«r>  w«  hare 

Q(s. ,)in^:'; 

V  .  ] 

*1  V  '  1 

li' 

Q(f,  f)]n(^s-ry 

"  -OC)'-/:  ,  1 

•i  'j.  '  ■> 

f  >,  , 

3',-  1 

J) 

1 

Jj 

\  }  :s^'' :rr  j'_, 

*3  ^ 

f,-U 

^  - 

>1 

*  '3  , 

+  5 

.5i 6/s- =0(1)  ^ 

»1  *•  t 


+  <?(!)  »/'  Mnj  5' —  j,  ]c/j' +  0(1)  C  »/'*'*  In:  j'- j,  f/.c’ = 

•i*  «  *^1 


On), 

7;T. 


» .j_,  V  ^o „  f  _ 

•i 


)»i 


,0(i)^^i  —  »i) _ 0(1)  "  *1 

Vi' "  ‘ 
s«i 

f  I  - 1  V 


v; 


jv(...-):>.(o.v-((  +  (  )((+*),..+ 

N  *1  ‘i*-!  *1 

i  -i 

i.J  4 

+  \  ;/(j,  j')j]’</j’  = 

•  l  4 

3*1 

•l  -  •  i 


.  0(1) 


T1i«  r«nultlaf  •quationa  (27-34)  gir9,  thus: 

1^;  -S'*--, 

Vi 


(30) 


(31) 


(32) 

(33) 


(34) 

(35) 


q.  ••  d. 


HaOMM  IV.  If 


_iatlaflai  copdltiooa  (1?)  and  (25).  than  function 

0  . 

I*.  W  “5  S' (36) 


potwtMi  •  a*co»d  drlntlTt,  ttUtfyiM  th*  tttlmtg 

-r-  (37) 

Vi 

For  proof  lot  uo  not*  that  f^'(s)  can  bo  oxpraoood  by  Boars  of  fonula 

(27).  Ina  oauch  ao  :•'{!>)  Mtlofloo  Holdor'o  condition,  forotila  (27)  allows  formal 
dlfforontlatlon)  boro.  In  fiet,  thoro  lo  obtalnod  a  second  dorlvmtlYo  ..which 
lo  proved  elmllar  to  the  proof  of  dlffereDtlabllity  of  r  In  fonnila  (27)  let 

us  aeouM  that 


(3fi) 


oonsiderlng  theee  limits  to  be  constant,  on  ehtaglng  dtirlng  differentiation. 
We  shall  consider  that  when  ' 

d*ii  ^  Ofl) ,  ^0(11  ,  O  ( 1  '| 

ds*  r>n'  '/'"{si-t',*  'J{s~s')  '  = 


(39) 


when  —  *i  <  ^ 


-  <?(*•  s)  _2J\) 

-  t  y* 


is  [  ^  (?  “0  ]  "“y"  t  1],  1 

')ln  (,-  1].  j 


?*.  ;• 

•  "i 

y't  (s')  ds' 


^  !..(*')  </5-  f  li.'M')-  r,ti  ,  .  O'r  r  , 


O  fit_ 

7,‘  > 


(40) 

(U) 


(42) 


£  Qhij'i.  —  ® 

c'r  f  4-  , '  ^  ' 


0{r) 


0(1) 

y  1  s' 


V  {S.  S')  ==  ®  A  [ ;  In ;  s'  ;  -f  r 

3*  3« 


7' 'I,  s')  ■  T  s.  ^2  ^  'I'y 

,  s'  '  s  —  s' 


(43) 

(44) 


(4^) 


Hence 


‘niua,  froa  ‘HiaoraM  I — IV  it  foUowa  that  any  ■olotlan  of  th«  hcoogenoous 


aquation 


(*)+ jlij.-  (s‘)^ds'^0 


■uat  satiafy  aatlaataa 


1*'  (*) 


0(1) 


'M  .f.  V(\\ 


whara 


Wa  paaa,  finally «  to  proof  of  aatlaataa  for  funotlona 

r  0: 

♦r  - —  ^ 


*“  F  W"'  I-*  (*’) 
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I  eonaldar  it  nacaaaary  to  aaka  certain  corractiona  and  aupplaMnta  to  ^y  pra- 
coding  worka* 

In  tha  work  t^a  ngyohy  problan".  No.  8  (19i*4),  195—224. 

Poraula  (10)  on  paga  197  ahould  ba  raplaead  by  tha  following 
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difference  by  1/3. 

la  the  work  Toward  a  theory  of  Laval  notilee"  Jb.  9  (1945),  38'^— 4-"2. 

In  (15)  and  (16)  on  page  416  one  ahould  replaoe  oonponent  7;  by  7j  ~  •  In 
aoeordanoe  with  thie  in  (19)  on  page  U6,  (5),  (5*),  (8),  (8a)  on  page  U7  the  fac¬ 
tor  ]/lj  etaade  not  in  the  aaeerator  but  in  the  deaoninator.  In  (3)  on  page  416 
one  ehould  change  the  eigne  of  the  firat  tene  of  the  right  aidee.  Function  ).{\) 
(84et.  6,  (14))  can  be  expreeeed  by  the  Bessel  funetione  (eee  [8])t 


Aa  S.  V,  PalkOTlcb  ehowed  ne  (eee  aleo  in  book  [9],  png*  58),  the  hypergeo- 
■etrlo  function  F(l/3,  ~l/3j  1/2;  t)  ia  algebraic: 
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in  eonaection  with  thie  conolttaicne  of  paragraphe  3  and  4  can  be  conaiderably  eis- 
plified. 
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Sunnary  [S^igliah-Language] 

In  this  paper  we  solve  two  boundary  problem*  for  the  equation  which  we  call 
Darboux-Tricomi 'a  equation  after  the  authors  who  dealt  with  it. 

(1) 

The  solutions  are  sought  on  a  doirain  lying  within  the  semi-pUne  y  >  0  ,  where 
the  equation  (1)  is  elliptique.  The  boundary  of  the  domain  is  supposed  to  coincide 
with  x>axia  sonetdiere.  As  to  the  part  of  the  boundary  that  lies  within  the  semi¬ 
plan*  y>o,  it  Is  supposed  to  be  sufficiently  smooth  and  to  approach  the  x-axis  nor¬ 
mally. 

The  following  boundary  problems  are  here  considered: 

1.  Dirichlet's  problem. 

2.  The  problem  in  which  the  values  of  the  unknown  function  are  given  on  the 
part  of  boundary  lying  within  the  semi-plane  y  >  0,  while  the  normal  derivatives  are 
given  on  the  part  of  the  boundary  which  coincides  with  the  jc-axis. 

These  problems  were  already  considered  by  F.  Trlcomi  in  [IJ,  as  weU  as  in  the 
papers  [  2  J  and  PJ  ,  with  the  use  of  considerably  compUcated  methods:  the  author 
either  used  Schwarz's  alternating  method  or  passed  to  the  limit  having  proceeded 
from  the  domains  lying,  together  with  their  boundaries,  within  the  semi-plane  y>0, 
In  both  cases  Trlcomi  used  two-dimsnsional  integral  equation*  of  Frsdholm'e  type. 


The  oecond  problem  w«s  solved  by  S.  Gellerstedt  [7J  by  reducing  it  to  one- 
dimensional  Fredholm  equations  of  the  eecond  kind.  Gellerstedt,  however,  assumed 
that  the  ends  of  the  curve  L  (see  Fig,  1)  coincided  with  arcs  of  a  certain  alge¬ 
braic  curve  which  Tricorn!  called  "normal  curve."  In  this  paper  we  remove  this  re¬ 
striction  by  means  of  some  suitable  estimates  in  both  problems  in  question. 

In  Appendix  we  give  three  particular  lolutions  of  the  equation  (l)  which  refute 
some  false  assertions  by  Tricomi  in  [2]  , 
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